Chapter I 


Basic Concepts 
In this chapter F denotes an arbitrary (commutative) field. 
1.Definitions and first examples 


1.1. The notion of Lie algebra 


Lie algebras arise ”in nature” as vector spaces of linear transformations 
endowed with a new operation which is in general neither commutative non 
associative: [x,y] = xy — yx (where the operations on the right side are the 
usual ones). It is possible to describe this kind of system abstractly in a few 
axioms. 

Definition. A vector space L over a field F, with an operation Lx L —> 
L, denoted (x, y) + [x,y] and called the bracket or commutator of x and 
y, is called a Lie algebra over F if the following axioms are satisfied: 

(L1) The bracket operation is bilinear. 

(L2) [xz] = 0 for all z in L. 

(L3) [2[yz]] + lylez]] + [zy] = 0 (x,y, 2 € L). 

Axiom (L3) is called the Jacobi identity. Notice that (L1) and (L2), 
applied to [a + y,x + y], imply anticommutativity: (L?) [zy] = —[yz}. 
(Conversely, if charF # 2, it is clear that (L?’) will imply (L2).) 

We say that two Lie algebras L, L’ over F isomorphic if there exists a 
vector space isomorphism ¢: L > L’ satisfying ([xy]) = [¢(x)d(y)] for all 
x,y in L (and then ¢ is called an isomorphism of Lie algebras). Similarly, 
it is obvious how to define the notion of (Lie) subalgebra of L: A subspace 
K of L is called a subalgebra if [zy] € K whenever x,y € K; in particular, 
K is a Lie algebra in its own right relative to the inherited operations. Note 
that any nonzero element x € L defines a one dimensional subalgebra Fx, 
with trivial multiplication, because of (L2). 

In this book we shall be concerned almost exclusively with Lie algebras 
L whose underlying vector space is finite dimensional over F. This will al- 
ways be assumed, unless otherwise stated. We hasten to point out, however, 
that certain infinite dimensional vector spaces and associative algebras over 
F will play a vital role in the study of representations (Chapters V-VII). We 
also mention, before looking at some concrete examples, that the axioms for 
a Lie algebra make perfectly good sense if L is only assumed to be a mod- 
ule over a commutative ring, but we shall not pursue this point of view here. 


1.2. Linear Lie algebras 


If V is a finite dimensional vector space over F, denote by EndV the 
set of linear transformation V — V. As a vector space over F, EndV has 


dimension n? (n = dimV), and EndV is a ring relative to the usual product 
operation. Define a new operation [x,y] = xy — yx, called the bracket of 
x and y. With this operation EndV becomes a Lie algebra over F: axioms 
(L1) and (L2) are immediate, while (L3) requires a brief calculation (which 
the reader is urged to carry out at this point). In order to distinguish this 
new algebra structure from the old associative one, we write gl(V) for EndV 
viewed as Lie algebra and call it the general linear algebra (because it is 
closely associated with the general linear group GL(V) consisting of all 
invertible endomorphisms of V). When V is infinite dimensional, we shall 
also use the notation gl(V) without further comment. 

Any subalgebra of a Lie algebra gl(V) is called a linear Lie algebra. 
The reader who finds matrices more congenial than linear transformations 
may prefer to fix a basis for V, thereby identifying gl(V) with the set of all 
nxn matrices over F, denoted gl(n, F). This procedure is harmless, and very 
convenient for making explicit calculations. For reference, we write down 
the multiplication table for gl(n, F) relative to the standard basis consisting 
of the matrices e;; (having 1 in the (i, j) position and 0 elsewhere). Since 
Eijekl = Ôjkei it follows that: 


(*) 


[eij, eki] = Ôjkeil — Îli€kj- 


Notice that the coefficients are all +1 or 0; in particular, all of them lie in 
the prime field of F. 

Now for some further examples, which are central to the theory we are 
going to develop in this book. They fall into four families A;, By, Ci, Dı 
(l > 1) and are called the classical algebras (because they correspond to 
certain of the classical linear Lie groups). 

Aj: Let dimV =1+1. Denote by sl(V), or sl(l +1, F), the set endo- 
morphisms of V having trace zero. (Recall that the trace of a matrix is 
the sum of its diagonal entries; this is independent of choice of basis for V, 
hence makes sense for an endomorphism of V.) Since Tr(xy) = Tr(yx), and 
Tr(a+y) = Tr(x)+Tr(y), sl(V) is a subalgebra of gl(V), called the special 
linear algebra because of its connection with the special linear group 
SL(V) of endomorphisms of det 1. What is its dimension? On the one hand 
sl(V) is a proper subalgebra of gl(V), hence of dimension at most (1+1)?—1. 
On the other hand, we can exhibit this number of linearly independent ma- 
trices of trace zero: Take all e;; (i A j), along with all hy = ei — ei+1,i+1 
(1 <i <1), for a total of l+ (J +1)? — (1+ 1) matrices. We shall always 
view this as the standard basis for sl(l +1, F). 

Cı: Let dimV = 2l, with basis (v1, ...... vq). Define a nondegenerate 


0 I 
skew-symmetric form f on V by the matrix s = ( I Ar (It can be 
= 
shown that even dimensionality is a necessary condition for existence of 
a nondegenerate bilinear form satisfying f(v,w) = —f(w,v).) Denote by 


sp(V), or sp(2l, F), the symplectic algebra, which by definition consists 
of all endomorphisms z of V satisfying f(x(v), w) = — f (w, x(v)). The reader 
can easily verify that sp(V) is closed under the bracket operation. In matrix 


terms, the condition for z = K , (m,n, p,q € gl(l, F)) to be symplectic 


is that sx = —zts (xt = transpose of x), i.e., that nt = n, p = p and 
mt = —q. (This last condition forces Tr(x) = 0.) It is easy now to compute 
a basis for sp(2l, F). Take the diagonal matrices e; — etigi (1 <i <1), | 
in all. Add to these all eij — e445 14; (1 <i #9 <1), P? —1 in number. For 
n we use the matrices eigi (1 < i < l) and eij +ejyi IS i<j <l), 
a total of l + sl (1 — 1), and similarly for the positions in p. Adding up, we 
find dimsp(2l, F) = 2? +1. 

By Let dimV = 21+ 1 be odd, and take f to be the nondegener- 


1 0 0 
ate symmetric bilinear form on V whose matrix is s = |0 O JI, |. The 
0 lt O 
orthogonal algebra o(V) or o(2l + 1, F), consists of all endomorphisms 
of V satisfying f(x(v),w) = —f(w,a(v)) (the same requirement as for 
a bi bo 
Cı). If we partition x in the same form as s, say x = [ci m nj, 
2 P q 
then the condition sz = —zts translates into the following set of condi- 
tions: a = 0, & = —bb, co = —b — 1, q = —m', n = —n, p = —p. 


( As in the case of Cı, this shows that Tr(x) = 0.) For a basis, take 
first the | diagonal matrices ei; — erpii (2 < i < L+1). Add the 27 
matrices involving only row one and column one: e€ig+i+1 — ĉei+1,1 and 
€1it1 — C4i¢11 (1 < i < 1). Corresponding to q = —m', take (as for 
Ci) eiti j+1 — El+j+, i+ lA eg <I). For n take epi l+j+1 eg 
(1<i< j <l) and for pe 45 a — Sepa (1 <j <i <l). The total 
number of basis elements is 21? + l (notice that this was also the dimension 
of Cı). 

Dı: Here we obtain another orthogonal algebra. The construction is 
identical to that for Bı, except that dimV = 2l is even and s has the simpler 
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form s = ( I f j We leave it as an exercise for the reader to construct a 
l 


basis and to verify that dim o(2l, F) = 21? — 1 (Exercise 8). 

We conclude this subsection by mentioning several other subalgebras of 
gl(n, F) which play an important subsidiary role for us. Let t(n, F) be the 
set upper triangular matrices (a;;), aij = 0 if i > j. Let n(n, F) be 
the strictly upper triangular matrices (a;; = 0 if i > j). Finally, 
let ô(n, F) be the set of all diagonal matrices. it is trivial to check 
that each of these is closed under the bracket. Notice also that t(n, F) = 
ô(n, F)+n(n, F) (vector space direct sum), with [ô (n, F), n(n, F)| = n(n, F), 
hence [t(n, F), t(n, F)| = n(n, F), cf,Exercise 5. (If H, K are subalgebras 


of L, |H, K] denotes the subspace of L spanned by commutators [xy], x € 
H, yE K.) 


1.3. Lie algebras of derivations 


Some Lie algebras of linear transformations arise most naturally as deriva- 
tions of algebras. By an F-algebra (not necessarily associative) we simply 
mean a vector space U over F endowed with a bilinear operation U xU > U. 
usually denoted by juxtaposition (unless U is a Lie algebra, in which case 
we always use the bracket). By a derivation of U we mean a linear map 
ô : U — U satisfying the familiar product rule 6(ab) = ad(b) + 6(a)b. It is 
easily checked that the collection DerU of all derivations of U is a vector 
subspace of EndU. The reader should also verify that the commutator [6, 6’] 
of two derivations is again a derivation (though the ordinary product need 
not be, cf. Exercise 11). so DerU is a subalgebra of gl(U). 

Since a Lie algebra L is an F-algebra in the above sense, Der L is defined. 
Certain derivations arise quite naturally, as follows. If x € L, y > [xy] is an 
endomorphism of L, which we denote ad x. In fact, adz € DerL, because 
we can rewrite the Jacobi identity (using (L2’)) in the form: [z[yz]] = 
([zy]z] + [y[xz]]. Derivations of this form are called inner, all others outer. 
It is of course perfectly possible to have ad z = 0 even when x Æ 0: this 
occurs in any one dimensional Lie algebra, for example. The map L > DerL 
sending x to ad x is called the adjoint representation of L; it plays a 
decisive role in all that follows. 

Sometimes we have occasion to view x simultaneously as an element of 
L and of a subalgebra K of L. To avoid ambiguity, the notation adzx or 
adxx will be used to indicate that x is acting on L (respectively, K). For 
example, if x is a diagonal matrix, then adj(,,7)(x) = 0, whereas adgi(n, 7) (£) 
need not be zero. 


1.4. Abstract Lie algebras 


We have looked at some natural examples of linear LIe algebras. It is 
known that, in fact, every (finite dimensional) Lie algebra is isomorphic 
to some linear Lie algebra (theorems of Ado, Iwasawa). This will not be 
proved here (cf. Jacobson [1] Chapter VI, or Bourbaki [1]); however, it will 
be obvious at an early stage of the theory that the result is true for all cases 
we are interested in. 

Sometimes it is desirable, however, to contemplate Lie algebras ab- 
stractly. For example, if L is an arbitrary finite dimensional vector space 
over F, we can view L as a Lie algebra by setting [xy] = 0 for all x,y € L. 
Such an algebra, having trivial Lie multiplication, is called abelian (because 
in the linear case [x,y] = 0 just means that z and y commute). If L is any 
Lie algebra, with basis 21,...... £n it is clear that the entire multiplication 


table of L can be recovered from the structure constants ak. which occur 
in the expressions 


n 
[£i £j] = Ss" akeg 
k=1 


. Those for which i > j can even be deduced from the others, thanks to 
(L2), (L2’). Turning this remark around, it is possible to define an abstract 
Lie algebra from scratch simply by specifying a set of structure constants. 
Naturally, not just any set of scalars {ay} will do, but a moment’s thought 
shows that it is enough to require the ” obvious” identities, those implied by 
(L2) and (L3): 


k 


k k : 
aŭ =O = aij + aji; 


k m k m ko m\— pq. 
` (ajak + aj1aki + alapj) = 0; 
k 


In practice, we shall have no occasion to construct Lie algebras in this ar- 
tificial way. But, as an application of the abstract point of view, we can 
determine (up to isomorphism) all Lie algebras of dimension < 2. In di- 
mension 1 there is a single basis vector x, with multiplication table [xx] = 0 
(L2). In dimension 2, start with a basis x, y of L. Clearly, all products in L 
yield scalar multiples of [ay], and take y to be any other vector independent 
of the new 2. Then [ry] = ax (a 4 0). Replacing y by a~'y, we finally get 
[xy] = x actually defines a Lie algebra). 


